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Abstract. This paper explicitly states and formalizes a link between
statistical mechanics and theory of algorithms based on the example of
insertion sort algorithm. The link is established between microstate of
the system and conﬁguration of loop executions during insertion sorting. Entropy connected with speciﬁc microstate is related to the entropy
production of the algorithm. Because the algorithms are considered as
Turing machines, presented analysis can be used as a basis for the investigations of problem of entropy production during work of physical
implementations of Turing machines (i.e., computer systems) giving the
possibilities to develop the idea of physics of processing.
Keywords: simple insertion sort algorithm; computational complexity;
statistical mechanics; entropy; physics of processing

1

Introduction

The brilliant idea of Turing machine [1] became a basis of mathematical considerations in computer engineering [2]. The quick development of computer science
in the sixties and the seventies of the XXth century especially in the case of problems with algorithms analysis is a great achievement of mathematical approach
used in computer systems analysis. Between Turing machines and algorithms
the equivalence is usually put [3], thus the analysis of algorithms behavior can
be considered as the analysis of Turing machines. However, it should be noted
that the whole problem, despite the fact that in many cases is quite (or even
sometimes very) diﬃcult, can be even more complicated when one takes into
account the physical limitations of environment, in which the implementations
of Turing machines work.
As it is well-known Turing machines are the mathematical models, but not
the physical devices [4]. However, their implementations are the physical ones –
as it was noted by Ch. Bennett [5]: “Computers may be thought of as engines
for transforming free energy into waste heat and mathematical work ”. The traditional and broadly accepted deﬁnition of the term machine assumes that it
is regarded as a physical system working deterministically in basic well-deﬁned,
physical cycles, built by the man, and intended to concentrate the dispersion
of the energy in order to do some physical work [6]. Because each physical machine needs energy for work immediately the problem of entropy production
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appears. The whole problem will be shortly explained in Section 2, however in
this place let’s assume that the nowadays computer systems are mainly considered as Turing machines implementations (and not only, because they also
work in interactive mode – see very interesting discussion in [7–10]). In Turing
machine, the energy consumption for computing is equal 0, thus the problem
of its eﬃciency η, considered in the case of all machines, doesn’t appear. This
may suggest that a mathematical model indeed itself hasn’t got any connections
with physical world (here it will be omitted the obvious connection, i.e., the
implementations), but the assumed lack of energy consumption doesn’t exclude
the problem of entropy production.
The ﬁrst physical implementations of Turing machines that were built in
the middle of forties of the XXth century were machines that need for work
huge amount of energy. For example one of the ﬁrst famous computers, ENIAC,
needs for its normal work 174 kW of electrical energy [12]. For comparison the
nowadays computers, as the desktop ones, needs for example less that 300 W.
It is rather obvious that not necessary the whole consumed energy is used for
eﬀective processing. One can check this when the hand will be put over the
ventilator in computer – the hot air can be felt; some part of energy that is used
for computer work is dissipated and isn’t transformed in an useful form, i.e.,
isn’t used for calculations.
In presented paper the problem of computers eﬃciency won’t be considered.
But basing on the Ch. Bennett work [5] and the properties of Turing machines
the problem of entropy production during processing will be analyzed taking into
account the behavior of insertion sort algorithm for the optimistic, pessimistic
and mean cases. The whole investigations will be based on the thermodynamical
analysis of the number of internal loop executions for successive keys.

2

Entropy in physical systems

The understanding of term entropy is inherently connected with the conception
of energy, which is omnipresent in our life. The law of conservation of energy
states that the diﬀerence between interior energy in system must be equal to
the exterior energy, which is given to the system minus energy, which leaks
from the system during transformation [13]. Thus there is a possibility to do
the energy balance in system but each decrease or increase of energy amount
should be noted. The rule expressed in this manner is usually called the ﬁrst law
of thermodynamics. The total amount of energy in any isolated system remains
constant and cannot be created, although it may change forms.
The conception of energy and the rule of its conservation allows to write an
equation, which will reﬂect the ﬁrst law of thermodynamics, but they don’t make
any constraints on quantities used in such an equation. Moreover, they don’t give
any hints how the energy should be delivered or taken from the system or even
what kind of laws (if they exist) should govern the energy transformation. The
energy is not a some kind of substance or there is no possibility to calculate, in
absolute values, the amount of energy inside the system. The meaning have the
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diﬀerences of transformed energy. But there are some laws that rule the energy
transformations. The conception of entropy and the notions connected with it
concerns these rules.
The term entropy was introduced by German physicist Rudolf Clausius around
1865, however it should be noted that this idea was developed during years and
for the ﬁrst time appeared in a little bit diﬀerent form in 1854 in [14] where
Clausius used the term “equivalence-value”. This term is considered as a ﬁrst
name of entropy. The term entropy means “a turning toward ”. When Clausius
proposed this term he stated that [15]: “I propose to name the quantity S the
entropy of the system, after the Greek word [τ ρoπ – trope], the transformation.
I have deliberately chosen the word entropy to be as similar as possible to the
word energy: the two quantities to be named by these words are so closely related
in physical significance that a certain similarity in their names appears to be
appropriate.” Clausis didn’t explained why he chose the symbol S, but probably
this was in honor of Sadi Carnot, who in article from 1824 [16] as a ﬁrst man
gave the ﬁrst successful theoretical account of heat engines.
The entropy, similarly as the energy is a parameter that describes the system’s state. The system feature, which is described by entropy, is a strictly
abstract quantity and similarly to the energy it can’t be “seen” or “felt ”. But
entropy gives the description of energy distribution inside the system and about
its possible transformations. Due to its connections with statistics and theory of
probability the term entropy was generalized and is very useful in description of
degree of organization or the level of order in system. The conception of entropy
is closely connected with the second law of thermodynamics [17]. This law shows
the way of each isolated system, which can be in states that do not decrease its
entropy. British scientist Artur Edington in 1927 called this principle “the arrow
of time” [18].
The successive properties of entropy won’t be considered here – they can
be found in literature (see for example [13, 17]). However, it should be noted
that despite the fact that the conception of entropy was introduced in 1865 for
many years there hadn’t been any equation, which allow the direct calculations
of entropy levels basing on molecular properties of analyzed system (for example the number of particles in gas). Because the entropy describes similarly to
other parameters a some feature of system it was assumed that this property
should be extensive (additive). In other words, if one considers two statistically
independent systems A and B, which have the entropies S(A) and S(B), the
entropy of system A+B should be equal [19]: S(A + B) = S(A) + S(B).
To understand this assumption let’s consider a very simple example – the
process of possible distribution of particles in divided box. In this process there
will be N particles, which will be inserted into a box. This box is divided into
two equal parts and at the beginning all particles will be on its left side, while
on the right side there will be no particles (obviously the arrangement can be
reversed). The particles can freely move between parts and the whole problem is:
ﬁnd all possible conﬁgurations W of particles distribution. To solve this problem
let’s see that: if N1 particles will be on the right side, the rest, i.e. N2 = N − N1 ,
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will be on the left side. Let, for example, N = 10; the ﬁrst possibility is N1 = 0
and N2 = 10 and there is only one, W = 1 such a conﬁguration. For N1 = 1 and
N2 = 9 there are W = 10 conﬁgurations, while for N1 = 2 and N2 = 8 there
are W = 45 conﬁgurations. As it turn-out the whole problem can be solved by
the observation that in each case there is a need to calculate the combination of
N1 -element subsets from N -element set, which can be given by
N1
W = CN
=

N!
N!
=
.
N1 !(N − N1 )!
N1 !N2 !

(1)

Basing on the equation (1) the number of conﬁgurations W for other values of
N1 can be found in Table 1.
Table 1. Number of possible microstates W for N = 10
N1 0 1 2 3 4 5 6 7 8 9 10
N2 10 9 8 7 6 5 4 3 2 1 0
W 1 10 45 120 210 252 210 120 45 10 1

As it can be seen when N1 = N2 the number of possible microstates is the
highest and this is the most probable state (conﬁguration) of all. If one divides
the box into two separate parts (subsystems A and B) for which the number
of possible microstates will be computed, will see that for each conﬁguration of
states (WA ) in the system A there are possible all conﬁgurations (WB ) in the
system B thus the total number of conﬁgurations W for system A+B can be
computed as W = WA · WB , i.e., W is a multiplicative quantity. Because the
entropy was assumed as an additive quantity, while the number of microstates
is multiplicative, the extensivity in entropy calculations can be guaranteed by
ln(·) because ln(WA · WB ) = ln(WA ) + ln(WB ) and at the end of XIXth Planck
proposed the following formula for entropy calculations [19, 20] S = k ln(W ),
where k is a some positive constant. This formula is usually called BoltzmannGibbs entropy1 . In the XXth century this approach was further developed by
Shannon [21].
Because the state when N1 = N2 is the most probable it can be assumed that
this is a natural, equilibrium state for the system. In this state the number of
particles in both parts is equal and the symmetry appears. But from the other
hand in this state one can also see the total disorder because particles are in
both parts of box, while the state when all of them are on the right or left side
(the asymmetry and order) is almost improbable (see Fig. 1). For systems with
many particles all states with unequal distribution of particles are improbable.
Because the state when N1 = N2 is the most probable it also expresses the
natural limit of system evolution thus is also connected with the maximum of
entropy.
1

it is even engraved on Boltzmann’s gravestone in Vienna
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Fig. 1. Number of microstates W for N = 10

To introduce the order that was at the beginning (all particles on the left
side) there is a need to do some work in order to move half of the particles
from right to left. This obviously will decrease the level of entropy in a box, but
something/someone must do this work. This requires a some portion of energy
and as a result it will increase the entropy of environment outside the box. In
other words to ensure that in a box there will be the order one needs increase
the entropy elsewhere. The same situation can be related to the sorting problem.
Because the sorting itself introduces a some kind of order into the sorted set it
decreases the entropy in set but increases the entropy outside (see Section 4).

3

Insertion sort algorithm

A sorting is one of the most frequently used operation in computer systems
[11]. This problem is algorithmically closed and there are well-known algorithms,
which have the computational complexity equal O(n log n). However, the sorting
is interesting itself and in some books usually is used as an introduction to the
algorithms analysis (see for example [22]). There are many sorting algorithms
and some of them are the direct adaptations of well-known in our life methods
that were used for many years.
In our analysis we will consider the simple insertion sort algorithm (which
main idea reﬂects the behavior of bridge player who sorts his cards) according
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the pseudocode presented in [22]. In this algorithm exist two loops: the external
one, which guarantees that all elements in input set will be sorted and the
internal one, which is responsible for ﬁnding a right place for each sorted key.
The number of this loop executions is used for calculations of computational
complexity, which for optimistic case (i.e. all elements in input set are in the
right order) equals Ω(n), while for pessimistic case (i.e. all elements in input set
are in the inverse order) equals O(n2 ), where n denotes the size of input set.
Detailed analysis of computational complexity for the best and the worst cases
can be found for example in [22]. Although it is known that for this algorithm the
average complexity is O(n2 ) here the example of this analysis will be presented
again to show some existing connections with the problem of entropy production
during sorting.
The average case complexity will be deﬁned as the amount of time that is
needed for “typical ” input data for a given n [23]. In calculations the following
notation will be used:
– Dn – a set of input data instances with size n;
– d – one instance of input data;
– Td (n) – the number of needed operations for instance d with size n (usually
the dominant operations are considered);
– Xn – a random variable with values Td (n) for d ∈ Dn ;
– pnk – a probability distribution of Xn (probability that the algorithm will
do k dominant operations or equivalently Td (n) = k for input set with size
n);
If the set Dn is ﬁnite each input instance is equiprobable. The calculations of
average complexity are possible when one knows the probability distribution of
Xn , which is deﬁned as [23]

kpnk ,
(2)
A(n) =
k≥0

i.e., the average value of random variable Xn .
In the case of sorting the set Dn consist of all possible n! permutations
(instances) of n-element sets. If n = 2, then Dn will have two elements (d = 2),
which will represent two cases: A[1] > A[2] and A[2] > A[1].
If the sorting is done according to the relation ≤ the ﬁrst case denotes that in
input set there is the inverse order (pessimistic case), while the second one that
there is the optimistic one. Both cases can appear with p = 0.5 and the total time
Td (n) for each case is equal: T1 (2) = 1 and T2 (2) = 0. This means that for input
set with size n = 2 the algorithm will do k = 0 or k = 1 dominant operations
with the same probability p20 = p21 = 0.5. Thus the average computational
complexity according to the equation (2) is equal: A(n = 2) = 0.5·0+0.5·1 = 0.5.
For n = 3 the set Dn consists of d = 6 elements that can appear with the
probability pn = 1/6 and the average complexity equals: A(n = 3) = 1.5.
Nothing can be said about the behavior of A(n) having the information
about two cases. Thus for n = 1 . . . 10 a Table 2 was made where one can also
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ﬁnd: A (n) = A(n) − A(n − 1) for n = 2, 3, . . ., A (n) = A (n) − A (n − 1)
for n = 3, 4, . . . and also B(n) = max{Td (n)}, B  (n) = B(n) − B(n − 1) for
n = 2, 3, . . ., B  (n) = B  (n) − B  (n − 1) for n = 3, 4, . . ..
Table 2. The values of A(n), A (n), A (n), B(n), B  (n), B  (n)
n
1
2
3
4
5
6
7
8
9
10

A(n)
0
0.5
1.5
3
5
7.5
10.5
14
18
22.5

A (n) A (n)
–
–
0.5
–
1
0.5
1.5
0.5
2
0.5
2.5
0.5
3
0.5
3.5
0.5
4
0.5
4.5
0.5

B(n) B  (n) B  (n)
0
–
–
1
1
–
3
2
1
6
3
1
10
4
1
25
5
1
31
6
1
38
7
1
46
8
1
55
9
1

Basing on information from Table 2 one can see that A (n) is a linear function
(A (n) = const). Thus one may expect that A(n) will be given by a·n2 +b·n+c.
The coeﬃcients a, b, c can be calculated basing on method that was given in [24]
and for the insertion sort algorithm A(n) is given by


A(n) =

n2 − n
4

(3)

and this function is O(n2 ).
Let’s note that the computational complexity for pessimistic case is given by
[23]
(4)
B(n) = sup{Td (n) : d ∈ Dn },
which, taking into account the last column in Table 2, gives [22]
B(n) =

n(n − 1)
.
2

(5)

Thus the number of dominant operations in average case (given by the equation
(3)) is half of the number in pessimistic one (given by the equation (5)).

4

Entropy production in insertion sort algorithm

It is obvious that sorting can be related to the introduction of some kind of
order in input set, because sorting is based on one chosen ordering relation [11].
From physical point of view this means that the energy, which is delivered to
the machine that sorts, is also used to decrease the existing in input set entropy,
i.e., the entropy from input set is carried out to the environment. Because the
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whole analysis will be done for a mathematical model of algorithm, i.e. Turing
machine, it can be assumed that the entropy production will be only caused by
ordering. The insertion sorting is a very simple procedure and its main idea can
be presented as follows: the successive keys are compared one by one in internal
loop with the so far sorted elements (from the right to the left) and when the
right place is found another key is sorted. This means that for each key the
number of internal loop executions can be diﬀerent and is governed by [25]:
– value of sorted key;
– number of so far sorted keys;
– values of so far sorted keys.
This leads to the possible dynamical behavior of this algorithm and the existing
dynamics can be described in terms of entropy, which gives the statistical mechanics basis for any considerations. The whole analysis can be done as follows
[26]:
Let n denotes a size of sorting set and ni denotes the position of successively
sorted elements in input set, i = 1 . . . n. The total number of all possible executions of internal and external loops needed for sorting the successive elements
from input set will be denoted by M . For each key its maximal value can be
obtained in the pessimistic case, thus for inverse order in input set M = ni . The
number of executions of external loop will be denoted by M1 – in analyzed algorithm for each key there is only one execution of this loop thus M1 = 1. M2 will
represent the number of necessary internal loop executions thus it can change
from 0 in optimistic case to ni −1 in pessimistic case. Because the algorithm sorts
not only pessimistic cases but also, for input size n, many other instances by M3
it will be denoted the number of such possible internal loop executions that can
appear but don’t appear due to the some properties of input set. Obviously it is
clear that M = M1 + M2 + M3 .
To deﬁne the amount of entropy that will be removed from input set for
each sorted key it will be calculated the number W of possible conﬁgurations
of loops executions that can appear during sorting. Similarly to the example
presented in Section 2 this quantity can be calculated as the number of all
M1
M2
multiplied by CM−M
[26], thus one has
possible combinations CM
1
(M − M1 )!
M!
·
M1 ! (M − M1 )! M2 ! (M − M1 − M2 )!
M!
.
=
M1 !M2 !M3 !

M1
M2
W = CM
· CM−M
=
1

(6)

It seems that in the optimistic case the entropy production should be on the
lowest possible level due to the fact that in input set there is the order that is
required. Indeed in this case one has one execution of the external loop, thus
M1 = 1, no executions of the internal loop (M2 = 0) but this also means that
the internal loop could be executed, but it won’t be, M3 = ni − 1 times. Thus
in optimistic case for each key WO equals
WO =

ni !
= ni .
1!0! (ni − 1)!

(7)
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In the pessimistic case one may expect that the situation should be diﬀerent,
but let’s note that for each sorted key there will be one execution of external loop
(M1 = 1), M2 = ni − 1 executions of internal loop thus M3 = 0. The number of
microstates for each sorted key in pessimistic case WP will be equal
WP =

ni !
= ni .
1! (ni − 1)!0!

(8)

The results obtained above are little bit surprising, but the whole situation
can be quickly explained. Let’s note that from thermodynamical point of view in
pessimistic case in input set there is the inverse order and this is still some kind of
order. Moreover, at this place it should be also noted that taking into account the
Onsager relations [17, 27], which stated that the system is in (quasi)equilibrium
state when the entropy production is on the lowest possible level, in insertion
sort algorithm exist such states for optimistic and pessimistic cases.
To see the number of microstates W in other cases let’s consider the following
example: only one excess dominant operation for key ni will be needed, i.e.:
M1 = 1, M2 = 1, M3 = ni − 2 thus
W =

ni !
(ni − 2)! (ni − 1) ni
=
= ni (ni − 1)
1!1! (ni − 2)!
(ni − 2)!

(9)

and in this case the number W is greater than in WO or WP cases. Thus from
thermodynamical point of view the pessimistic and optimistic cases are the same,
while other ones leads to the greater entropy production. This can be also conﬁrmed when one analyzes the increments of number of internal loop executions
for each successive key ni needed for their sorting. In optimistic and pessimistic
cases they are constant indicating that there is no dynamics in algorithm behavior and processing can be compared to the “laminar flow ”, while for other cases
the ﬂow can be a “turbulent ” one [26].
As it can be noted the maximum of entropy production will be obtained when
M2 = M3 , i.e., when the number of internal loop executions will be equal half of
the all possible executions ((ni − 1)/2). For some values of n this number can be
found in Table 3 where the entropy was calculated using the Boltzmann-Gibbs
formula, S = k ln W with k = 1.
Plotting S versus ni it can be seen (Fig. 2) that in the average case (i.e.
M2 = M3 ) the entropy growth tends to be the linear one for ni → ∞.
This can be conﬁrmed if one notes that when M2 = M3 the number of
possible loop conﬁgurations W for each key ni can be obtained as
ni !
W =  ni −1   ni −1 
!
·
!
2
2
for i = 1, 3, 5, . . .. Thus the entropy S can be calculated as




ni − 1
ni !
! .
S = ln  ni −1   ni −1  = ln (ni !) − 2 ln
2
!·
!
2
2

(10)
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Table 3. Entropy production in average case, i.e. M2 = M3
key number number of microstates
W
ni
2
2
6
4
20
6
70
8
252
10
924
12
3432
14
12870
16
48620
18
184756
20
705432
22
2704156
24
10400600
26
40116600
28
155117520
30

entropy
S = ln(W )
0.693147181
1.791759469
2.995732274
4.248495242
5.529429088
6.828712072
8.140898461
9.462654301
10.79179025
12.12679131
13.46656566
14.81030041
16.15737405
17.50730077
18.85969358

Let’s assume that k = ni − 1, thus ni = k + 1 and the equation (10) will be given
by
  
k
S = ln ((k + 1)!) − 2 ln
! .
(11)
2
Because
ln ((k + 1)!) =

k+1

j=1

ln(j) ≈

k+1
1

ln(x)dx = x ln x − x

k+1
1

= (k + 1) ln(k + 1) − k

and also
k
   
2
k
ln(j) ≈
ln
! =
2
j=1

k
2

1

ln(x)dx = x ln x − x

k
2

1

=

k
k
k
ln( ) − + 1,
2
2
2

the equation (11) for ni → ∞ can be written as
 


k
k
k
ln
S ≈ (k + 1) ln(k + 1) − k − 2 ·
− +1
2
2
2
 
k
= (k + 1) ln(k + 1) − k − k · ln
+k−2
2
 
k
= k ln(k + 1) − k ln
+ ln(k + 1) − 2
2


2(k + 1)
+ ln(k + 1) − 2
= k · ln
k


2ni
= (ni − 1) ln
+ ln(ni ) − 2
ni − 1
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Fig. 2. Entropy S production for successive keys ni (continues line with open squares)
with the approximation given by the equation (13) – line with open circles


≈ (ni − 1) ln

2ni
ni − 1

Due to the fact that
lim

ni →∞


− 2.

(12)

2ni
= 2,
ni − 1

the equation (12) can be written as
S ≈ (ni − 1) ln 2 − 2,

(13)

which is the approximation of entropy production given by the equation (10)
and as it can be seen (Fig. 2) the level of entropy production for each key
ni is approximately represented by the linear function a · n + b. It should be
noted that this is again consistent with Onsager reciprocal relations [17, 27] and
indicates that in the system exists the thermodynamic non-equilibrium state
with maximum but linear entropy production thus the algorithm behavior in
this case can be analyzed by the classical extensive thermodynamics.
The equation (6) shows the number of possible microstates for each successive sorted key. Assuming that between the successive keys there aren’t any
dependencies, especially those ones, which can indicate the existence of correlations between values of successive keys, for each key ni the produced entropy
S is extensive. For average case it grows linear thus the total amount of produced entropy during sorting such a case by insertion sort can be expressed as:
a · n2 + b · n + c, which indicates the direct connection between the problem of
entropy production and the average case computational complexity of insertion
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sort algorithm. It is a very interesting problem itself because the question arises:
do such connections exist for diﬀerent sorting algorithms, however the answer
requires further investigations.

5

Conclusions

In the paper it has been shown that between the mathematical analysis of computational complexity for insertion sort algorithm and the statistical mechanics
in physics exist direct connections. It can be rather a surprising fact, but it
should be noted that despite the fact that Turing machine is a mathematical
model, while the statistical mechanics is usually related to the physical systems,
such connections can be made even when the assumption about zero energy consumption by Turing machines is assumed. Moreover, the presented analysis also
conﬁrms that in an “average” case, when the behavior of analyzed algorithm
is considered basing on given probability distributions as a some kind “expected
value” for n → ∞, the connections with classical statistical mechanics based on
Boltzmann-Gibbs entropy are very strong.
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